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Lecture 19
Matrix Multiplication

» Matrix operations are essential in science and engineering

Introduction

« Traditional way of matrix multiplication is complex

 Divide and conquer approach to make matrix multiplication more
efficient
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Traditional Matrix Multiplication

 Multiplication of two matrices of size N, N x N

E.g.AxB=C
C11 ClZ — All A12 Bll BIZ
CZl C22 A21 AZZ BZl BZZ

* C11 = A11B11 + A12B12
* Ci2 = A11B1s + A28y
* Cy1 = Az1B11 + A23B5
* Cyp = A1B15 + A22B7;
» Can be accomplished in 8 multiplications (20928 = 23)

2
]
2

UMassAmbherst

Traditional Matrix Multiplication

» Can be accomplished in 8 multiplications (20928 = 23)

« Time analysis:
N

Cij = Z a; by j

k=1

Thus T(N) = XL, XY, Yo1c = cN3 = O(N?3)




Traditional Matrix Multiplication

matrixl = [[12, 7, 3
[4, 5, 6
[7, 8, 9

matrix2 = [[5, 8

or y in range(3)]

matrix1)):
en(matrix2[0])):
(len(matrix2)):

res[il[j] += matrix2[i]l[k] * matrix2[k]1[j]

print(res)
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Divide and Conquer

* Divide matrices into sub-matrices
» Use blocks to apply multiplication
* Recursively multiply sub-matrices

A x B = R

UMassAmbherst

Ay | A By | B4 AgxBytA1xB,

A0XB1+A1XB3

Az A3 Bz B3 AZXB0+A3XB2

A,xB;+A;xB;
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Divide and Conquer Termination

« Terminate recursion with simple base case

A x B

dg X bo — dg X bo

Strassen’s Matrix Multiplication

. |G Ciz| _ |41 Asz||Bir Brz
Co1 G2l [A21 Azz[|B21 Bz
Py = (Aqq + A22)(B11 + Byz) C,,=P,+P,—P:+P,
P, = (A1 + A22)(By1 + Byz) Cy, = P; + Ps
Py = (Ay1 + A3;)(Byy + Byy) C,y =P, +P,
Py = (A1 + A22)(B1y + By2) C,p =P, +P;—P,+ P,

Ps = (Ay1 + Ay2)(B11 + Byy)
Ps = (A1 + A2)(B11 + Byy)
P; = (A11 + A22)(B11 + Byz)

.
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Strassen Implementation -- Split

split(matrix):

row, col = matrix.shape
col2 = row //

matrix[:row2

row2 col //

:col2], matrix[:row2, col2:], matrix[row2:, :col2]

strassen(x, y):

Strassen

strassen(a
= strassen(a
strassen(c
strassen(d
strassen(a
= strassen(b
strassen(a

np.vstack((np.hstack((c1l, ¢12)), np.hstack((c21, ¢22))))

matrix[row2:

col2:]
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Time Complexity

« T(1) =1 (assuming N = 2k)
N
« T(N) =7T (E)
N
« T(N) = 7T (ﬁ) _ 7k
e T(N) = 709N = Nlog7 — |y281

Next Steps

* Next lecture on Tuesday 11/23
* Discussion on 11/18 and 11/23
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